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When learning a regular language, simple 
RNNs (Elman RNNs) cluster their states in 
manner that resembles an automaton for 
that language

RNNs: Automata Relation

Finite State Automata and Simple Recurrent Networks
(references older version of Elman 1990)- Cleeremans et al, 1989
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RNNs: Extracting DFAs: Clustering

Extraction of Rules from Discrete-time Recurrent Neural Networks

Omlin and Giles, 1996

Partition the RNN state space by dividing each 
dimension into  equal portions. Explore the 
partitions, marking transitions between them 
according to first-visited state in each partition

q
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Other approaches to clustering
RNNs: Extracting DFAs: Clustering

State automata extraction from recurrent neural nets using k-means and fuzzy clustering

Cechin et al, 2003

Surveys:
Rule Extraction from Recurrent Neural Networks: A Taxonomy and Review

Jacobsson, 2005

Learning Finite State Machines With Self-clustering Recurrent Networks 

Zeng et al, 1993

Extracting Rules from a (Fuzzy / Crisp) Recurrent Neural Network using a Self-Organizing Map 

Blanco et al, 2000

An Empirical Evaluation of Rule Extraction from Recurrent Neural Networks 
Wang et al, 2017
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(Including end-
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A = ⟨Σ, Q, q0, F, δQ⟩ A = ⟨Σ, Q, q0, δQ, δW, β⟩ A = ⟨Σ, Q, α, β, {Wσ}σ∈Σ⟩

δQ : Q × Σ → Q

A(w) = {Acc if  ̂δQ(w) ∈ F
Rej, else

δW: Q × Σ → ℝ
β: Q → ℝ

A(w) = ( ∏
i∈[|w|]

δW( ̂δQ(w1:i−1), wi)) ⋅ β( ̂δQ(w)) A(w) = α ⋅ Ww1
⋅ Ww2

⋅ . . . ⋅ Ww|w|
⋅ β

α: Q → ℝ
β: Q → ℝ

Wσ ∈ ℝQ×Q
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Okudono et al, 2019

White Box Model (specifically RNN)

Build Hankel basis (P,S) according to 
queries from and counterexamples to 

active learning algorithm

Continue until reach 
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+
Balle and Mohri, 2015

Spectral Learning
Hsu et al (2008), Bailly et al (2009), 

Balle et al, (2013)

L-star
Angluin 1987 Weiss et al, 2017

Black Box Model

Build Hankel basis (P,S) by sampling 
sequences according to black box’s 

distribution

Try multiple sizes for final WFA 
(truncations  of SVD decomposition) 

and choose best result
k

Quantisation-
Exploration
Omlin and Giles, 1996
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RNN, trained on

there may be some noise…

What shall we put in the table?

Direct approach: Full sequence weight 

Flaw: Will quickly degrade


Intuition: Conditional probabilities

Flaw: Also degrade as S grows


Fix: Last token probabilities
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What shall we put in the table?

Okay, we have our adaptation. Let’s go!?
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How can we fix the “closedness” and 
“consistency” definitions, to avoid 

mistaken groupings?
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Immediate realisation: Attempting to fix definitions for table is painful


In particular: dealing with ‘chains’ of similar prefixes
Dealing with the Additive Tolerance

Solution:  
Fill table optimistically, and fix problems post-hoc



Adapting L*
Optimistic Table and Post-Hoc Fixes



Adapting L*

1. Check closedness as normal, 

just with the additive tolerance

Optimistic Table and Post-Hoc Fixes

2. Check consistency as normal, 

just with the additive tolerance

3. Make hypothesis with caution!



Adapting L*

ε
aaa

aa a
a

a

1. Clustering of prefixes causes states 

with non-deterministic transitions

post hoc fix:   refine

a
a

a ε
aaa

aa

Potential Problems:

2. Clustering of prefixes creates states with 
prefixes beyond threshold of each other

b
aaa

aa

b

aaa

aapost hoc fix:   refine

Optimistic Table and Post-Hoc Fixes

3. Make hypothesis with caution!



Anytime Stopping

• Prioritise high-weight prefixes


• Avoid very low-weight separating suffixes


• On stop, map remaining prefixes to best match


• This is actually quite slow, and might not be very 
beneficial (needs to be tested!)

This algorithm is unlikely to complete on real-
world tasks. Thus, we allow anytime stopping:
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Observation: L-star learning a CFG seems to have structured increases (example on balanced parentheses)

etc…

1. In the limit, the union of all DFAs in this sequence 
accepts the non-regular language BP


2. The difference between each pair of successive 
RNNs is structured (for some CFGs at least)

(L-star initial hypotheses 
are a bit noisy)
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• Composition can be serial or 
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Recovering a Pattern Rule Set

4. Convert PRS to CFG!
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RNNs: Expressive Power: Theory

On the computational power of Neural Nets 

Siegelmann and Sonntag (1995)

RNNs are Turing Complete: 
Given infinite precision, RNNs can emulate pushing 
and popping to/from stacks in their hidden state. 

Thus, given also infinite time, they can simulate any 
Turing Machine
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RNNs: Expressive Power: Practice
LSTMs can count

LSTM recurrent networks learn simple context-free and context-sensitive languages
Gers and Schmidhuber, 2001
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 Elman (1990)ht+1 = tanh(Whht + Wxxt + b)

zt = σ(Wzxt + Uzht−1 + bz)
rt = σ(Wrxt + Urht−1 + br)
h̃t = tanh(Whxt + Uh(rt ∘ ht−1) + bh)
ht = zt ∘ ht−1 + (1 − zt) ∘ h̃t

ft = σ(Wf xt + Uf ht−1 + b f )
it = σ(Wixt + Uiht−1 + bi)
ot = σ(Woxt + Uoht−1 + bo)
c̃t = tanh(Wcxt + Ucht−1 + bc)
ct = ft ∘ ct−1 + it ∘ c̃t

ht = ot ∘ g(ct)

LSTM

Hochreiter and Schmidhuber (1997)

Simple RNN

GRU

Cho et al (2014), Chung et al (2014)
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GRU LSTM

zt = σ(Wzxt + Uzht−1 + bz)
rt = σ(Wrxt + Urht−1 + br)
h̃t = tanh(Whxt + Uh(rt ∘ ht−1) + bh)
ht = zt ∘ ht−1 + (1 − zt) ∘ h̃t

ft = σ(Wf xt + Uf ht−1 + bf )
it = σ(Wixt + Uiht−1 + bi)
ot = σ(Woxt + Uoht−1 + bo)
c̃t = tanh(Wcxt + Ucht−1 + bc)
ct = ft ∘ ct−1 + it ∘ c̃t

ht = ot ∘ g(ct)

gates

candidate  
vectors

update functions

LSTMs can count (and GRUs cannot)
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zt ∈ (0,1)
rt ∈ (0,1)
h̃t = tanh(Whxt + Uh(rt ∘ ht−1) + bh)
ht = zt ∘ ht−1 + (1 − zt) ∘ h̃t

GRU LSTM

ft ∈ (0,1)Wf xtdfsfsfddgdg
it ∈ (0,1)Wixtddgdgsfsdfs
ot ∈ (0,1)Woxtddgdgsdfsfd
c̃t = tanh(Wcxt + Ucht−1 + bc)
ct = ft ∘ ct−1 + it ∘ c̃t

ht = ot ∘ g(ct)

gates

candidate  
vectors

LSTMs can count (and GRUs cannot)

update functions
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LSTM

zt ∈ (0,1)
rt ∈ (0,1)
h̃t ∈ (−1,1)
ht = zt ∘ ht−1 + (1 − zt) ∘ h̃t

ft ∈ (0,1)Wf xtaaaaaaaaaa
it ∈ (0,1)Wixtaaaaaaaaaa
ot ∈ (0,1)Woxt(tanh)aaaa
c̃t ∈ (−1,1)ac

b

ct = ft ∘ ct−1 + it ∘ c̃t

ht = ot ∘ g(ct)

GRU

gates

candidate  
vectors

LSTMs can count (and GRUs cannot)

update functions
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LSTM
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ht = ot ∘ g(ct)

GRU
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h̃t ∈ (−1,1)
ht = zt ∘ ht−1 + (1 − z) ∘ h̃t

LSTMs can count (and GRUs cannot)
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LSTM

zt ∈ (0,1)
rt ∈ (0,1)
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ot ∈ (0,1)Woxt(tanh)aaaa
c̃t ∈ (−1,1)ac

b

ct = ft ∘ ct−1 + it ∘ c̃t

ht = ot ∘ g(ct)

Addition

ct = ft ∘ ct−1 + it ∘ c̃t

GRU

Bounded!

LSTMs can count (and GRUs cannot)

Interpolation
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LSTM

ft ≈ 1Wf xtaaaaaaaaaa
it ≈ 1Wixtaaaaaaaaaa
ot ∈ (0,1)Woxt(tanh)aaaa
c̃t ∈ (−1,1)ac

b
ct ≈ ct−1 + c̃t

ht = ot ∘ g(ct)

Addition

ct = ft ∘ ct−1 + it ∘ c̃t

GRU
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LSTM
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c̃t ≈ 1ac
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ct ≈ ct−1 + 1
ht = ot ∘ g(ct)

Increase by 1
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GRU
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Bounded!
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LSTM

ft ≈ 1Wf xtaaaaaaaaaa
it ≈ 1Wixtaaaaaaaaaa
ot ∈ (0,1)Woxt(tanh)aaaa
c̃t ≈ − 1ac

b

ct ≈ ct−1 − 1
ht = ot ∘ g(ct)

Decrease by 1

ct = ft ∘ ct−1 + it ∘ c̃t

GRU

zt ∈ (0,1)
rt ∈ (0,1)
h̃t ∈ (−1,1)
ht = zt ∘ ht−1 + (1 − z) ∘ h̃t

Bounded!

LSTMs can count (and GRUs cannot)
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LSTM

ft ≈ 1Wf xtaaaaaaaaaa
it ≈ 0Wixtaaaaaaaaaa
ot ∈ (0,1)Woxt(tanh)aaaa
c̃t ∈ (−1,1)ac

b
ct ≈ ct−1+c̃t

ht = ot ∘ g(ct)

Do Nothing

ct = ft ∘ ct−1 + it ∘ c̃t

GRU

zt ∈ (0,1)
rt ∈ (0,1)
h̃t ∈ (−1,1)
ht = zt ∘ ht−1 + (1 − z) ∘ h̃t

Bounded!

LSTMs can count (and GRUs cannot)
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LSTM

ft ≈ 0Wf xtaaaaaaaaaa
it ≈ 0Wixtaaaaaaaaaa
ot ∈ (0,1)Woxt(tanh)aaaa
c̃t ∈ (−1,1)ac

b

ct ≈ 0ct−1 + c̃t

ht = ot ∘ g(ct)

Reset

ct = ft ∘ ct−1 + it ∘ c̃t

GRU

zt ∈ (0,1)
rt ∈ (0,1)
h̃t ∈ (−1,1)
ht = zt ∘ ht−1 + (1 − z) ∘ h̃t

Bounded!

LSTMs can count (and GRUs cannot)

Interpolation
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LSTM

ft ≈ 0Wf xtaaaaaaaaaa
it ≈ 0Wixtaaaaaaaaaa
ot ∈ (0,1)Woxt(tanh)aaaa
c̃t ∈ (−1,1)ac

b

ct ≈ 0ct−1 + c̃t

ht = ot ∘ g(ct)Interpolation

Reset

ct = ft ∘ ct−1 + it ∘ c̃t

GRU

zt ∈ (0,1)
rt ∈ (0,1)
h̃t ∈ (−1,1)
ht = zt ∘ ht−1 + (1 − z) ∘ h̃t

Bounded!
Can Count!

LSTMs can count (and GRUs cannot)
LSTMs: Counting Mechanism



LSTMs can count (and GRUs cannot)
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(a) anbn-LSTM on a1000b1000 (b) anbncn-LSTM on a100b100c100

(c) anbn-GRU on a1000b1000 (d) anbncn-GRU on a100b100c100

Figure 1: Activations for LSTM and GRU networks for anbn and anbncn. The LSTM has clearly learned
to use an explicit counting mechanism, in contrast with the GRU.

We show that in the input-bound, finite-
precision case, there is a real difference between
the computational capacities of the LSTM and the
GRU: the LSTM can easily perform unbounded
counting, while the GRU (and the SRNN) can-
not. This makes the LSTM a variant of a k-counter
machine (Fischer et al., 1968), while the GRU re-
mains finite-state. Interestingly, the SRNN with
ReLU activation followed by an MLP classifier
also has power similar to a k-counter machine.

These results suggest there is a class of formal
languages that can be recognized by LSTMs but
not by GRUs. In section 5, we demonstrate that for
at least two such languages, the LSTM manages
to learn the desired concept classes using back-
propagation, while using the hypothesized control
structure. Figure 1 shows the activations of 10-
d LSTM and GRU trained to recognize the lan-
guages anbn and anbncn. It is clear that the LSTM
learned to dedicate specific dimensions for count-
ing, in contrast to the GRU.

2 The RNN Models

An RNN is a parameterized function R that takes
as input an input vector xt and a state vector ht�1

and returns a state vector ht:

ht = R(xt, ht�1) (1)

The RNN is applied to a sequence x1, ..., xn by
starting with an initial vector h0 (often the 0 vec-
tor) and applying R repeatedly according to equa-
tion (1). Let ⌃ be an input vocabulary (alphabet),
and assume a mapping E from every vocabulary
item to a vector x (achieved through a 1-hot encod-
ing, an embedding layer, or some other means).
Let RNN(x1, ..., xn) denote the state vector h re-
sulting from the application of R to the sequence
E(x1), ..., E(xn). An RNN recognizer (or RNN

acceptor) has an additional function f mapping
states h to 0, 1. Typically, f is a log-linear classi-
fier or multi-layer perceptron. We say that an RNN

recognizes a language L✓ ⌃⇤ if f(RNN(w)) re-
turns 1 for all and only words w = x1, ..., xn 2 L.

Elman-RNN (SRNN) In the Elman-RNN (El-
man, 1990), also called the Simple RNN (SRNN),
the function R takes the form of an affine trans-
form followed by a tanh nonlinearity:

ht = tanh(Wxt + Uht�1 + b) (2)

Elman-RNNs are known to be at-least finite-
state. Siegelmann (1996) proved that the tanh can
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Figure 1: Activations for LSTM and GRU networks for anbn and anbncn. The LSTM has clearly learned
to use an explicit counting mechanism, in contrast with the GRU.

We show that in the input-bound, finite-
precision case, there is a real difference between
the computational capacities of the LSTM and the
GRU: the LSTM can easily perform unbounded
counting, while the GRU (and the SRNN) can-
not. This makes the LSTM a variant of a k-counter
machine (Fischer et al., 1968), while the GRU re-
mains finite-state. Interestingly, the SRNN with
ReLU activation followed by an MLP classifier
also has power similar to a k-counter machine.

These results suggest there is a class of formal
languages that can be recognized by LSTMs but
not by GRUs. In section 5, we demonstrate that for
at least two such languages, the LSTM manages
to learn the desired concept classes using back-
propagation, while using the hypothesized control
structure. Figure 1 shows the activations of 10-
d LSTM and GRU trained to recognize the lan-
guages anbn and anbncn. It is clear that the LSTM
learned to dedicate specific dimensions for count-
ing, in contrast to the GRU.

2 The RNN Models

An RNN is a parameterized function R that takes
as input an input vector xt and a state vector ht�1

and returns a state vector ht:

ht = R(xt, ht�1) (1)

The RNN is applied to a sequence x1, ..., xn by
starting with an initial vector h0 (often the 0 vec-
tor) and applying R repeatedly according to equa-
tion (1). Let ⌃ be an input vocabulary (alphabet),
and assume a mapping E from every vocabulary
item to a vector x (achieved through a 1-hot encod-
ing, an embedding layer, or some other means).
Let RNN(x1, ..., xn) denote the state vector h re-
sulting from the application of R to the sequence
E(x1), ..., E(xn). An RNN recognizer (or RNN

acceptor) has an additional function f mapping
states h to 0, 1. Typically, f is a log-linear classi-
fier or multi-layer perceptron. We say that an RNN

recognizes a language L✓ ⌃⇤ if f(RNN(w)) re-
turns 1 for all and only words w = x1, ..., xn 2 L.

Elman-RNN (SRNN) In the Elman-RNN (El-
man, 1990), also called the Simple RNN (SRNN),
the function R takes the form of an affine trans-
form followed by a tanh nonlinearity:

ht = tanh(Wxt + Uht�1 + b) (2)

Elman-RNNs are known to be at-least finite-
state. Siegelmann (1996) proved that the tanh can
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Saturated RNNs
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ft = σ(Wf xt+Uf ht−1+bf )
it = σ(Wixt+Uiht−1+bi)
ot = σ(Woxt+Uoht−1+bo)



ft ∈ (0,1)Wf xtaaaaaaaaaa
it ∈ (0,1)Wixtaaaaaaaaaa
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σ : ℝ → (0,1)
tanh : ℝ → (−1,1)

ft = σ(Wf xt+Uf ht−1+bf )
it = σ(Wixt+Uiht−1+bi)
ot = σ(Woxt+Uoht−1+bo)

Saturated RNNs
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it = σ(Wixt+Uiht−1+bi)
ot = σ(Woxt+Uoht−1+bo)
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it ≈ 0Wixtaaaaaaaaaa
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Overview

Code!?

Recurrent Neural Networks (RNNs) 
- Introduction

- RNN-Automata relation

- Extraction


- DFAs

- WFAs

- More


- Analysis

Transformer Encoders 

- Introduction

- A formal abstraction

Didn’t make it! :(

But my website has links to talks on “Thinking Like 
Transformers”, the work I wanted to introduce here:  

https://sgailw.cswp.cs.technion.ac.il/publications/


The 1 hour talk includes an introduction on 
transformers, while the 5 minute talk assumes 
familiarity.

https://sgailw.cswp.cs.technion.ac.il/publications/

